
CALCULATED ELASTIC SCATTERING CROSS SECTIONS FOR C 0 0 - 1 ~ 2 : - 1 2  

THE Li+-He SYSTEM" 

by 

G. G.  Weber and R. B.  Berns te in  

Theore t i c a l  Chemistry I n s t i t u t e ,  Univers i ty  of  Wisconsin 

Madison, Wisconsin 53706 

ABSTRACT 

2 7 3 9 8  
Calcu la t ions  of t he  energy dependence of the  t o t a l  (and d i f f e r e n t i a l )  

e l a s t i c  s c a t t e r i n g  c ros s  sec t ions  fo r  t h e  Li+-He system have been c a r r i e d  

o u t  fo r  a number of assumed i n t e r a c t i o n  p o t e n t i a l s  (from t h e  l i t e r a t u r e ) .  

A l l  o f  t h e s e  are known t o  y i e l d  good f i t s  t o  e x i s t i n g  mob i l i t y  da t a ,  

s e n s i t i v e  p r imar i ly  t o  t h e  long-range r term i n  the  p o t e n t i a l .  The -4 

p r e s e n t  r e s u l t s  show t h a t  t he  t o t a l  quantum c r o s s  s e c t i o n s  (as w e l l  as 

t h e  angular  d i s t r i b u t i o n s )  a r e  q u i t e  s e n s i t i v e  t o  the  p o t e n t i a l  a l s o  a t  

s h o r t  range  ( e .g .  r < 42 ), even a t  low c o l l i s i o n  ene rg ie s  (E<leV). In 

p a r t i c u l a r ,  t he  behavior of  the extrema i n  t h e  t o t a l  c r o s s  s e c t i o n s  o f f e r s  

a means of d i sc r imina t ion  among t h e  p o t e n t i a l s .  - 
- - - - -  
* Work supported by the  Nat ional  Aeronaut ics  and Space Adminis t ra t ion ,  

Grant NsG-275-62 and t h e  U.S.A.E.C., Div. of Research, Cont rac t  
AT ( 1 1 - 1) - 1 328. 



Introduction 

1 Although there have been a number of semiempirical and quankum 

2 theoretical investigations of the elastic scattering of ions by 

atoms (or simple molecules), they have generally been concerned 

with t h e  interpretation of ion mobilities and diffusion coefficients 

in the thermal range. It appears that there has been little effort 

directed toward an examination of the quantum effects in the total 

and differential beam scattering cross sections and their possible 

usefulness in elucidating the interaction potential. 

The present paper reports a quantal computation of the total 

and differential cross sections for the Li+ - He system in its 
ground state, using for the calculation of the phase shifts the 

Jeffreys-WKBL (JWKBL) and the Jeffreys-Born (JB) approximations 

under conditions of demonstrable reliability. It will be seen 

that the quantum effects for the ion-atom system have many 

qualitative features in common with those obtained for the atom- 

atom case with the principal differences arising from the long- 

range (r ) attractive part of the potential. The extrema in the 

3 

-4 

total cross-sections (i.e., in the ion-atom impact spectra) as a 

function of velocity offer a means of discrimination among the 

potentials via low energy beam scattering measurements. 

Procedures 

Calculations have been carried out for seven (j = 1,.--,7) 

interaction potentials proposed in the literat~re~-~ for the 

Li' - He system corresponding to 

Li+('S0) + He('So) & Li%e('E+) 
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Each p o t e n t i a l  i s  p l a u s i b l e  from the  viewpoint of a reasonable  long 
e (4) 

V(r)  N -7- I with  C ( 4 )  = d / 2  , range behavior ( i . e .  

where o( i s  the He p o l a r i z a b i l i t y ;  a l l  q u a n t i t i e s  i n  a . u . ) ,  which 

produces a f a i r l y  s a t i s f a c t o r y  f i t  t o  the  experimental  mob i l i t y  

da t a .  S ix  of them may be w r i t t e n  wi th  an exponent ia l  r e p u l s i o n  t e r m :  

-6 -4 '- 2 V . ( r )  = D4exp(-D r )  - D r - D r (1 f- D6 r ) 3 5 2 3 

while  the other  ( t h e  semiempirical  po t rn t id1 ,  j .= 4 )  i s  m o s t  simply 

w r i t t e n  

- 6  =. 4 
- 1 2 - D r  - D r  V4(r) = D r 2 3 1 

Table I l i s t s  the  r e l e v a n t  d e t a i l s  ( re ferences ,  constants, q u a n t i t i e s  

descr ib ing  the  p o t e n t i a l  shapes,  and comments). The p o t e n t i a l s  a r e  

p l o t t e d  i n  F ig .  1. 

Well known methods were employed fo r  t he  computation o f  t he  

phase s h i f t s  [ q4]  and the  t o t a l  [ Q ] as w e l l  as d i f f e r e n t i a l  

[I(@) j e l a s t i c  c ross  s e c t i o n s  as a func t ion  of r e l a t i v e  v e l o c i t y  (v) 

or  c o l i i s i n n  energy (E) ,  as ou t l ined  below. 

7 8 Phase s h i f t s  were computed by the  JWKBL or by t h e  J B  

approximation i n  the  r eg ions  where these  methods are app l i cab le .  

A number of phase s h i f t s  were checbed by d i r e c t  numerical  

in tegra t ion '  (RKG method) of t he  r a d i a l  

checks a re  presented i n  Table 11. 

equaricmn. A f e w  of t hese  

The computations were c a r r i e d  
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out  w i t h  a’CDC1604 computer a t  the Un ive r s i ty  of Wisconsin 

Computing Center .  

The c a l c u l a t i o n s  employed a reduced n o t a t i o n ;  thus  the  JWKBL 

phase s h i f t  i s  w r i t t e n :  

i s  t h e  outermost zero of f ( x )  ( i . e . ,  r 
0 

and x = r /ao 

i s  t h e  c l a s s i c a l  t u rn ing  p o i n t ) .  Eq. 3 i s  converted t o  a more 

p r a c t i c a l  form f o r  numerical  computation: 

0 -  0 

where 

- - ao/ro . Here z i s  a s m a l l  cons tan t  
yo y 5 l / x  

, 
(0 < z < . 0 1  ; t y p i c a l l y  z = .005) in t roduced  t o  a i d  i n  t h e  

computation of t he  p a r t  of the i n t e g r a l  f o r  which the  in tegrand  i s  

n e a r l y  s i n g u l a r .  I (z,yo) i s  evaluated by Gaussian quadra ture .  

The J B  phase s h i f t s  a r e  given by: 
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Y i s  decreasing monotonically w i t h  i n c r e a s i n g  ; a l s o  A r t  

For 4 2 e* t h e  program c a l c u l a t e s  on ly  t,,. I n  every case 

t h e  c a l c u l a t i o n s  te rmina te  when Y, 5 

Sample comparisons of JWKBL, J B ,  and RKG phases  a r e  presented  below, 

.01 (and >_ [*). 

From t h e  phase s h i f t s  t h e  t o t a l  (Q) and d i f f e r e n t i a l  [I(@)] 

elastic: C:'OSS s e c t i o n s  are c a l c u l a t e d  according t o  w e l l  known 

procedures . I n  a d d i t i o n  a "reduced" d i f f e r e n t i a l  c r o s s  

s e c t i o n  i s  computed: 

7a, 9 

11 



. 
a 
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The func t ion  Pg(e) approaches u n i t y  i n  the c l a s s i c a l  l i m i t  a t  s m a l l  

angles  (e.  g.  8 < 30' ) .  

Due t o  t h e  known u n r e l i a b i l i t y  of t he  JWKBL approximation f o r  

ene rg ie s  s u f f i c i e n t l y  l o w  such t h a t  c l a s s i c a l  o r b i t i n g  i s  poss ib l e ,  

the  c a l c u l a t i o n s  were r e s t r i c t e d  t o  E > E (or A > A ). 

Here E = V(xCr ) can be evaluated from t h e  r e l a t i o n :  

c r i t  min 

c r  . 

'max 7 
The upper l i m i t  of E was se t  by t h e  unphysical  maxima, 

occuring a t  s m a l l  r fo r  a l l  p o t e n t i a l s  except  4.  Appendix I 

g ives  f u r t h e r  d e t a i l s .  

Resu l t s  

A .  Phase S h i f t s  

The a c t u a l  phase s h i f t s  used i n  the  c r o s s  s e c t i o n  c a l c u l a t i o n s  

are, of course,  t o o  numerous to  l i s t .  However, Table T I  p r e s e n t s  a 

sample of check c a l c u l a t i o n s  of  phase s h i f t s  c a r r i e d  out  by t h e  

d i f f e r e n t  procedures  descr tbed.  The accuracy o f  the  phase s h i f t s  

over t h e  e n t i r e  range  of t h e  c a l c u l a t i o n s  i s  be l ieved  t o  be +, .01. 

Table  111 s:iotis a comparison o f  c e r t a i n  high-order  phases f o r  

s e v e r a l  p o t e n t i a l s  a t  t h e  same A ( i . e .  same v e l o c i t y  or E ). . 

Agreement i s  s a t i s f a c t o r y , i n  view of t he  wide range of  t h e  p o t e n t i a l  

parameters  E, 

a t t r a c t i v e  terms ( a t  l a r g e  e ) and the cons is tency  of t he  c a l c u l a t i o n s .  

k in .  

B.  This  shows t h e  dominant i n f luence  of t h e  Rm' 
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B .  Tota l  Cross Sec t ions  

Fig.  2 shows a log-log p l o t  of Q(v) for  p o t e n t i a l s  4 and 7 .  

The average low energy behavior i s  almost e n t i r e l y  governed by t h e  

long-range p a r t  ( r  -4 ) of the  p o t e n t i a l .  The (monotonic) o v e r a l l  

v e l o c i t y  dependence i s  we l l  descr ibed by t h e  Schiff-Landau-Lifshi tz  (SLL) 

formula : 1 1 , 1 2  

I n  the  low-velocity r e g i o n  the  o s e i  l l a t o r y  behavior (extrema i n  

Q(v), Fig.  2;  shown as AQ/Q v s .  1 / V  i n  F ig .  3) i s  q u a l i t a t i v e l y  

the  same as i n  atom-atom s c a t t e r i n g . 1 3  

discussed below. 

The extrema w i l l  be f u r t h e r  

- 1 2  For p o t e n t i a l  4 wi th  i t s  r r e p u l s i v e  term the  h igh -ve loc i ty  

behavior i s  expected t o  approach the  form 

(12) slowly approaching and QSLL 
wi th  the  d i f f e r e n c e  between Q 

zero a5 \r 3 . Table I V  summarizes t h e  h igh -ve loc i ty  r e s u l t s  

which allow fo r  an e x t r a p o l a t i o n  of t h e  f r a c t i o n a l  d i f f e r e n c e  

t o  the  l i m i t  1 / A  = 0. The r e s u l t  i s  indeed zero  

For the  

(QsLL - Q)/QsLL 

w i t h i n  the u n c e r t a i n t y  of the e x t r a p o l a t i o n  ( 2 0.2 % ). 

h i g h e s t  energ ies  the  c a l c u l a t i o n  of a s i n g l e  Q r equ i r ed  some 

11,000 JWKBL i n t e g r a t i o n s  and an  a d d i t i o n a l  4000 JB-phases; t h e  

r e s u l t  of t he  e x t r a p o l a t i o n  tes t  shows t h a t  t h e r e  i s  very  l i t t l e  
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cumulative e r r o r  i n  the  c ros s  sec t ion  computations. 

The low v e l o c i t y  r e s u l t s  (Fig. 3) show a n e a r l y  symmetrical  

F ig .  4 summarizes o s c i l l a t i o n  about 

a l l  t he  t o t a l  c ros s  s e c t i o n  c a l c u l a t i o n s  (ion-atom impact s p e c t r a  

11-14 ( 4 )  (v), as expected. QSLL 

) 
11-13 

( 4 )  v s .  l / v .  The C i n  t h e  form of graphs of the "apparent" C ( 4 )  
aPP 

va lues  are found t o  o s c i l l a t e  about the  t h e o r e t i c a l  (assumed) va lue  

fo r  -44 4 C ( 4 ) J  namely 2 . 3 4  x 10  e r g  cm , i nd ica t ed  by a mark on the  

o r d i n a t e  s c a l e .  The undulatory behavior i s ,  of course,  d i f f e r e n t  f o r  

each p o t e n t i a l ,  o f f e r i n g  a poss ib l e  means of d i sc r imina t ion .  

F ig .  5 shows fo r  a broad reg ion  of v e l o c i t i e s  the  ion-atom 

impact spectrum(for  P o t e n t i a l  1) i n  which the  extrema are indexed 

according t o  t h e  method of Refs. 13b,c. The i n i t i a l  s lopes  

'0 = [%)) vt =6 of  such p l o t s  of N vs l / v  are 

recorded  i n  Table V.  

For a s e r i e s  of p o t e n t i a l s  w i th  t h e  same f u n c t i o n a l  form, 

d i f f e r i n g  only i n  the  numerical va lues  of the  parameters,  such 

s lopes  should be a l i n e a r  func t ion  of t h e  pr0ductE. r  

where d i s  the  usua l  zero  of t he  p o t e n t i a l ) .  Not a l l  t h e  p o t e n t i a l s  

(or €6 , m 

have t h e  r equ i r ed  s i m i l a r i t y ;  neve r the l e s s  i s  found t o  be an 

almost l i lLqzw func t ion  of E d  (and & r m ) .  

p o t e n t i a l s  1-7 ,  i t  i s  p o s s i b l e  t o  e s t ima te  from any given S a 

va lue  f o r  €6' 

By f i t t i n g  t h e  r e s u l t s  fo r  

0 

say (€6)' which i s  q u i t e  c l o s e  t o  t h e  known va lue .  

Table V summarizes the  r e s u l t s ,  i n d i c a t i n g  t h e  degree of 

c o r r e l a t i o n .  This  sugges ts  t h a t  an e s t ima te  of t he  66' product  

(cons iderably  b e t t e r  than  5 % )  can be made d i r e c t l y  from an 

observed extrema-pat tern wi th  E f u r t h e r  a n a l y s i s .  
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C .  D i f f e r e n t i a l  Cross Sec t ions .  

F ig .  6 shows a t y p i c a l  r e s u l t  f o r  I(0), whi le  F ig .  7 i s  a 

p re sen ta t ion  of the  same c a l c u l a t i o n s  i n  t e r m s  of p*(Q>. 
la r  s c a t t e r i n g  p a t t e r n  (with t h e  d i f f r a c t i o n  maxima showing both  

s i n g l e  and double p e r i o d i c i t y )  are, of course,  very  s e n s i t i v e  t o  t he  

p o t e n t i a l  func t ion .  

p a t t e r n s ,  i n d i c a t i n g  something of t h e  p e r i o d i c i t y  and amplitude of 

t he  quantum i n t e r f e r e n c e s  t o  be expected from high-reso lu t ion ,  low 

energy beam s c a t t e r i n g  measurements. 

The angu- 

Table V I  p re sen t s  samples o f  t he  computed 10,11 
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TABLE I1 

Sample calculations of phase shifts by the different procedures 

A. (1) Potential 4, A = 21.236 (v = 1.00 x 10 cm/sec, E = 1.32 eV) 6 

0 -64.138 -64.131 - - 

10 -49.377 -49.369 - 

50 -8.240 -8.231 - 

150 +o. 354 +o. 355 - 

15 3 .315 .334 ,314 - 
160 .290 .291 ,275 ,290 

- 

- 

5 (2) Potential 7, A = 5.00 (v = 2.35 x 10 cm/sec, E = 0.0732eV) 

e '2 RKG ?# JWKBL 
~~ ~ 

0 -9.762 -9.752 

B. Change-over from JWKBL to J B  approximation at e = e" 
Potential 4 

A E (eV) 

50 7.32 275 0.325 0.332 

100 29.29 503 .211 .221 

300 263.6 1368 . 09l5 , 1014 

600 1054. 2568 . 0524 . 0624 
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TABLE I11 

Comparison of hiPh order phases fo r  s e v e r a l  p o t e n t i a l s  

5 A = 5 (v = 2.35 x 10 cm/sec, E = 0.0732 eV) 

e v1 v3 v7 

130 0.0285 0.0274 0.0289 

140 .0231 .0222 .0235 

150 .0192 .0185 .0195 

160 ,0164 ,0158 .0167 

TABLE I V  

Ext rapola t ion  of  AQ/Q,,, t o  l / v  +- 0 

500 0.0020 59.0 63. 75 0.075 

1000 0.0010 53. 25 56.2 ,052 

2000 0.0005 47.9 49.5 .033 

3000 0.00033 44.9 46.0 .024 
* 

00 0 0 0 . 0Ol5 

- - e - -  

* Extrapola t ion  us ing  Aitken procedure. 



1 2  

TABLE V 

, I n i t i a l  s lopes '  So - and t h e i r  c o r r e l a t i o n  w i t h  €6 
- (:;1/UJ - = o  V i 

P o t e n t i a l  €O'(a.u. ) 1 0 - 6 ~  S (cm/sec> Ra t io  108x(€6/,) 

1 0.010388 

2 ,01494 

3 .00289 

4 .00550 

5 ,02030 

6 .01930 

7 .00699 

0.9667 

1.407 

.2779 

.5019 

1.816 

1.738 

.6437 

1.075 

1.062 

1.040 

1.096 

1.118 

1.110 

1.086 
~~ ~ 

Avg. 1.084 +, 0.02 
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Appendix I 

A l l  p o t e n t i a l s  (except V4) possess  unphysical  m a x i m a  (vmax) 

such t h a t  f o r  A > Amax ( i . e . ,  E > E max 

For every p o t e n t i a l  ( including V4) t h e  onse t  of t h e  o r b i t i n g  pheno- 

) no c a l c u l a t i o n s  a r e  poss ib l e .  

menon a t  low ene rg ie s  de f ines  an A below which t h e  JWKBL approxi-  

mation cannot be r e l i a b l e .  Both extremesare l i s t e d  i n  Table  V I I .  

min’ 

TABLE V I 1  

Highest and lowest energy c o n s i s t e n t  w i th  the  p o t e n t i a l  

1 149.0 3.70 

2 44.0 4.84 

66 0.04 

5.9 .07 

3 16.65 1.59 .79 .007 

4 no 2.82 no E * max .03 

5 22.43 6.95 1.5 .14 

6 23.63 5.64 

7 153.48 2.93 

1.6 .09 

66. .03 

* The h ighes t  veloci ty-parameter  eva lua ted  he re  was A = 3000, 
which corresponds t o  8.58 keV. 
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Appendix I1 

N '  Tabulated below are in t e rpo la t ed  "best  va lues"  of v 

i . e .  the  v e l o c i t i e s  corresponding t o  the  extrema i n  the  computed 

ion-atom impact s p e c t r a  (C v s .  l / v )  der ived  from t h e  t o t a l  

c r o s s  s e c t i o n s .  The e r r o r  i n  the  i n t e r p o l a t i o n  i s  be l ieved  t o  be 

less than 1 /o . 
by t he  v e l o c i t y  range of the  ca l cu la t ion ,  i . e .  Amin 5 A - < Amax . 
(Table V I I I ) .  

aPP ' 

6 
The range of extremai\in each case  i s  l imi t ed  

TABLE V I 1 1  

V e l o c i t i e s  corresponding t o  extrema of  t h e  impact spectrum 

P o t e n t i a l  N x v (cm/sec> EN ( e n  N 
1 1 15 I 47 

1 .5  8 .20  

2 5.46 

2.5 3.94 

3 2.80 

3.16 

0.888 

,394 

.205 

. l o 3  

2 1 .5  

2 

2.5 

3 

12.51 

8.47 

6.21 

4.78 

2 .00-  

2.947 

,509 

.302 
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P o t e n t i a l  

TABLE VI11 (cont'd) 

N x vN(cm/sec) 

1 

1.5 

4.45 

2.30 

0.261 

.070 
- 

4 1 

1.5 

2 

2.5 

8.03 

4.28 

2.79 

1 . 9 3  

.852 

.242 

.103 

.049 

5 2.5 

3 

3.5 

4 

8 .55  

7.10 

5 .99  

4.89 

.965 

.666 

.474 

.316 

6 2.5 

3 

3.5 

8.18 

6.40 

3.31 

-884 

.541 

.145 

7 1 

1 .5  

2 

10.30 

5.19. 

3.52 

1.401 

3.356 

.164 
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Legend f o r  F igures  

1. Seven p o t e n t i a l s  from the  l i t e r a t u r e  proposed f o r  t he  Li+-He 

i n t e r a c t i o n .  

2.  T o t a l  c ros s  s e c t i o n s  Q vs .  v e l o c i t y  v ( log- log  p r e s e n t a t i o n ) ,  

for two p o t e n t i a l s  wi th  q ( 4 )  - average fo r  low v e l o c i t i e s  SLL 

(I2) a r e  ( 4  1 
QSLL and QSLL (I2) - l i m i t  f o r  high v e l o c i t i e s .  and QSLL 

shown as dashed l i n e s ;  the s o l i d  curve from A = 1 t o  1000 

re fers  t o  p o t e n t i a l  4 ,  while the  o ther  curve wi th  primed i n d i c e s  

i s  fo r  V 7 .  

3. Relative dev ia t ion  of Q, i . e . ,  h?Q/QsLL v s .  l / v  fo r  V 4 .  

aPP * aPP * 
4 .  Rela t ive  dev ia t ion  of C for  a l l  p o t e n t i a l s ,  i . e .  C s. l / v .  

i s  ind ica t ed  (except for  V 4  where t h e r e  i s  none). The *max 

5. c for  V 1 ,  i n d i c a t i n g  the  extrema of C (1Iv) .  
aPP - aPP * 

Below: Index N of  t he  extremum v s .  l /vN,  showing t h e  " i n i t i a l  

slope". 

6 .  Example o f  an angular  d i s t r i b u t i o n :  the  d i f f e r e n t i a l  c r o s s  

s e c t i o n  I ( @ ) .  

7. Example of an angular  d i s t r i b u t i o n :  the reduced d i f f e r e n t i a l  
* 

c r o s s  s e c t i o n  fl (e) .  Note the  supe rpos i t i on  o f  two d i f f e r e n t  

per iucs.. 
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